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Inversion principles

Input: a derivable judgement
'k (Az:A.B.s): C

Question: Is there a derivation starting with a particular shape?

Dy
I'Nz:AFs: B D,
'+ (\z:A.B.s): H(z:A>B '+ H@:A)BEC’

'k (Az:A.B.s): C

Answer: Yes! Also for Extensional Type Theory (ETT).



Sub-contexts and compatible contexts

For forward reasoning we need to combine judgements.

I'E A type I'z: A+ B type
Fi—H Btype
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New side-conditions: A < T
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Sub-contexts and compatible contexts

For forward reasoning we need to combine judgements.
Contexts in premises must be independent!

AH A type =, 2:AH B type ALZT =<T
FI*fH Btype

New side-conditions: A < T
= atleast: VI', e <T' and I' < (T', z: A)
= atmost: if A<T and AH J, then T H g

Example: x: A, y:B<z:1,y:C
Non-example: z: A, y: B L z: A, z: B



Axioms for compatible contexts

AH A type =, 2:AH B type {AE}TT
FPfH a) B type

The relation {I';, ...,I",,} T I" generalises sub-contexts.
= it must satisfy:
Ty, s T 31T = Vj<n, T;<T
(Vj<n,T;<T) = 3V <T, {Ty,.,[,} 1T

= we can choose to compute I' from I'y, ..., T,
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Axioms for compatible contexts

AF Atype =¥ Btype Z\(:4)~= {AZ}I1T

TFIH A) B type

The relation {I',...,I",,} T I" generalises sub-contexts.

= it must satisfy:

{1, T 31T = Vj<n, T;<T
(Vj<n,T,<T) = 30" <T, {Ty,..[,} 1T’

= we can choose to compute I' from I'y, ..., T,

The relation Z/\ (2:A) ~ = generalises &' = =, z: A.
Don't worry about this.

12



Relating the new theory to ETT

Proposition (Conservativity)

IfFTH g thenT F 4.

Proposition (Completeness)

IfFT + g then there is A < T such that A J.
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Strengthening

If T, x: At s: B derivable and = ¢ FreeVar(s, B),
then'-5:B7?
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Strengthening

If T, 2:AF s: B derivable and = ¢ FreeVar(s, B),
thenI'Fs:B?7?

Answer: ITT: yes, ETT: no.
Example:
r:A,p:A=BFp:A=B
r:A, p:A=Btxz: A r:A,p:A=BFHA=B
x:A,ptA=BFx:B
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Strengthening and inversion

Example: Deconstruct an implication
I'f A— B type

Really, this is
I+ I .4 B type

Inversion only yields ', 2: A H B type, but B is independent of z!

12



|dea: annotated type theory

Assumption sets

Judgements

o, B,y =

Contexts

Types

A =

A B

{:I"lv "'awn}

F'F* A type | TH s: A |

o | I z:A”

ipne B® | Eqpu(s”,t7) |



Recovering strengthening

Proposition

Given ' FY s : A, there exists a context Fh, such that
V= dom(l—‘h), Fl,y S F, and Fl,y Y s A.
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Annotated TT: Product formation

AF*Atype  EF Btype  E\(2:A%)~Z {AE}T
aU(B\{z}) S~y v Cdom(I)
T Ty 40y BY type
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Annotated TT: Conversion

EHs: A AP A=B  {EA}1T

I's:B
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Annotated TT: Conversion

EHs: A AP A=B  {EA}1T
EUNC vy ~v C dom(T")
'Hs:B
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Relating ETT and annotated TT

Definition. Given an annotated context I' (resp. judgement J), its
stripping I (resp. J) is given by deleting all annotations.
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Relating ETT and annotated TT

Definition. Given an annotated context I' (resp. judgement J), its
stripping I (resp. J) is given by deleting all annotations.

Proposition (Conservativity of ATT)
IfT' =7 g then there exists J, such that I' = 7.

Proposition (Completeness of ATT)

/

IfT - J then there are T/, ~, and J’, such that T’ <T, 7' = g
and T/ Y g’

Thank you
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Abstraction relation

We assume given a relation A\ (z:A) ~ A’ which satisfies the
following conditions:

A\(z:A)~ A" = FO <A, AL (D, z:A) (abs-elim)
A<(T,z:A) = 3JA' <T, A\(z:4)~ A’ (abs-intro)
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